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Notes on channel capacity per unit cost 

TIAN Da-gang 
(Research Center for Complex System Science, University of Shanghai for Science and Technology, Shanghai 200093, China) 

Abstract: For the computation of the capacity per unit cost, an extension of the basic theorem connect the capacity per 

unit cost with the capacity-cost function was made, and the single peak of the generalized capacity-cost function per unit 

cost was proved. Then, an algorithm to locate the optimal point of the generalized capacity-cost function per unit cost 

based on the single peak of the function was proposed. Meanwhile, it was proved that the computation of the capac-

ity-cost function, which is a constrained channel capacity issue, can be expressed as a convex optimization, to which the 

objective function is self- concordant. The algorithm and its computational complexity were given. 
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�£¾�F(x)� D���¿	
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ñ ò�óôõZ[a , b]�3ö�> ε > 0���

λ�μ 

 λ = a + 0.382(b – a) 

 μ = a + 0.618(b – a) 

�� C(λ)/λ� C(μ)/μ�Ù k = 1� 

÷ øù|�ú�ß C(λ)/ λ > C(μ)/ μ�ÃûüÊ
ß C(λ)/ λ ÂC(μ)/ μ�Ãûý� 

ü ß b −λ Â ε�Ãþ���.μ� C(μ)/ μ�
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a = λ�λ = μ�C(λ)/λ = C(μ)/μ�μ = a + 0.618(b – a)� 

�� C(μ)/ μ�û�� 

ý ßμ − a Â ε�Ãþ���.λ� C(λ)/λÊ
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�� C(λ)/ λ�û�� 
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/��� a = 0	OP�×�6{�v	OP� 



� 4 � �����	
��
������� �35� 

 

3  �� C(μ)�����	
� 

���	á"�í�� C(β) = sup{F(x)| G(x)Â

β}	�����/���lmn	£��� �=

�@OPÀ�-.����	
[��
	�]8

;���¶��mn��Ý[	Y��;Ú�� F(x)
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 1 I�K©ª«|�S¼ D ⊂ R��/£

¾�f: D → R�0ì·Ò	£|��1 f� D�	

©ª«|��s7kËÌ x ∈D��È 

 3/ 2| ( ) | 2 ( )f x f x′′′ ′′�  (3) 

	
 2IWK©ª«|�S¼ D ⊂ Rn
��/£

¾�f: D → R�0ì·Ò	£|��s7kËÌ x ∈ 

D�h ∈Rn
�D T={t | x + th ∈ D}�g(t) = f(x + th)� T

�	©ª«|��Ã1 f� D�	©ª«|�� 

k�Ý[|��2�Jì|�q9�Ï�G

(3)	34�� 0�É¨5)��I�6	S©ª
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1) ß fi �/£¾ Di
nR⊂ �	©ª«|��

i=1,7,m�D D = 1
m
i iD=∩ �Ã 

 f = f1 + f2 +7+ fn 

� D�	©ª«|�Ê 

2) ¼ A: Rm
→Rn

�Ý[89�x½Rn
�b½Rn

�

ß f(x)� D nR⊂ �	©ª«|��Ã f(Ay+b)�� y

� { | }mD y R y D= ∈ + ∈A b �	©ª«|�Ê 

3) ¼ fi �/£¾ Di inR⊂ �	©ª«|��i 

=1,7,m�D D = D1×7×Dm�Ã 

 f(x1,7,xm) = f1(x1) +7+ fm(xm) 

� D�	©ª«|�� 
3.2  �������	
 

=À1	á"g�kËÌ x0 ∈ D�¼:�¾ S = 

{x∈D | f(x) Â f(x0)}�;	�/Ð<=�� x>�

D	4¿Y�f(x)>�C?� 

tu¤¥�  

 min ( )
D

f x  (4) 

/� D� Rn
	�@/£¾�f� D�	0ABC·

Ò	£|��¼ f(x)À�¿¹©ª«� 

� (4)	DE�]�'sÀ� 

��
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-�FG® x½D�HIJKε > 0� 

1) �� 

 
2 1

nt

T 2 1 1/ 2

( ) ( );

( , ) ( ( ) ( ) ( ))

x f x f x

f x f x f x f xλ

−

−

Δ = −∇ ∇

= ∇ ∇ ∇
 

2) þ�LÃÈs7λ(f, x)2/2Âε�Ãþ�ÊÓÃ

MN 3S� 
3) s7 ( , ) 1/ 4f xλ > �Ã 

 nt

1

1 ( , )
x x x

f xλ
= + Δ

+
 

ÓÃ x = x+Δxnt�OP 1S� 

MQ�R=��� f(x)�©ª«|�Y��λ(f, x) > 

0.25Y�\��ìcS|�úµTUÄU 0.026 856�

¸�λ(f, xi)Â0.25Y�k�V� jÁi��λ(f, xj+1)Â

2λ2(f, xj)Â(1/2)λ(f, xj)� f(xj)−p*
Âλ2(f, xj)/2(1−λ(f, 

xj))�/� p*
�G(4)	
¤ú� 

�'DE�]	\�ì�;WXÚÀGÈ 

 (0) *(1)( ( ) ) lblb(1/ )O f x p ε− +  (5) 

/� O(1)�� 	�YC�� 

k���Gmn Ax = b	¤¥� ��'DE\

��]�\�ì�	�¿G(5)Zî6Ç���Y[\

]ÐFG® x(0)
^_ÍÎ�Gmn�8¹µ�g	D

E`aΔxnt�DEÄ�λ(f, x)obº	c^w·¨��

Vd9q�DE`aΔxntÏsÀ0�?.� 

 
2 T

nt ( )( ) x f xf x

w

Δ −∇⎡ ⎤∇ ⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦⎣ ⎦ 00

A

A
 

/�e¼ A� p×nNÍfgh�DEÄ�Ï 

 T 2 1/ 2
nt nt( , ) ( ( ) )f x x f x xλ = Δ ∇ Δ  

-.� 
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0min ( )

s.t ( ) 0, 1, ,i

f x

f x i m

x

=
=

L�

A b

 

(6)

 

/� f0,7,fm: Rn → R�£|��A� p×nNÍfg

h� 

¡hk���|�	0]�G(6)·¨¥¬sÀ

	�G 

 0min ( ) ( )

s.t

tf x x

x

φ+
=A b

 
(7)

 

/� 

 
1

( ) lb( ( ))
m

i
i

x f xφ
=

= − −∑  

�� (6)	��|���[l�Gmn	¤¥� 

;ã	�� (7)	�]g�tu
� t	iØ�¼

x*(t)�(7)	
¤?�p*
�� (6)	
¤ú�Ï��

f0(x
*(t))−p*

Âm/t�jk��.~	l]�%miØ t = 

m/ε�hDE\�]>?�·¨=G(5)¿�	\�`

�­�nU\�	?�[�o2epqq�Ï�/r

iØ	 tss���Þ¸°±If(x(0))−p*
S·����

���bwW���efg�@;Th/�0]�e

fgTh	i��sÀ	tuvw�]� 

�������

-�Èxy·N® x�t= t(0) > 0�μ > 1�ε > 0� 

1) kG(7)hDE\��> x*(t)� 

2) Ù x = x*(t)� 

3) s7 m/t < ε�Ãþ���. xÊÓÃ�û 4)� 

4)  t = μt�OP' 1)� 

s7kËÌ t > 0�f(x) = tf0(x) + ϕ(x)�©ª«�

À�¿	�8¹�:�¾ S�;	�Ãz	\�ì

�;WXÚ 

( )
(0)lb( /( ))

(1) ( 1 lb ) lblb(1/ )
lb

m t
N O m

ε μ μ ε
μ

⎡ ⎤
= − − +⎢ ⎥
⎣ ⎦

 

�g�0�vg	{`� t ÞFG®^' m/εY�
\�	\�ì��= t ^¥Ú�g�Vì	DE\

�ì�Ï|�vg	{`¿�� 

s7µ f(x)}f '(x)� f "x){}	���h M�

��8¹tu'DE`a	���Ii��~h	

��S�
�	���·¨h 

 3 1/ 2(1)( ) lb( / )O M n m V ε+  (8) 

q¿��/�	 V�FG��	i����ef	

���ssWøG(8)��W� 
3.3  	
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���������� 

¼AB��	��� m��v x = {x1,7,xm}�

P(x) = (p1,7,pm)�� x	`�Ê�.� n��v y = 

{y1,7,yn}�Q(y) = (q1,7,qn)�� y	`�Êû�g

h¬ T= (p(yj|xi))m×n= (pij))m×n���� qj = p1p1j +7+ 

pmpmj�j = 1,7,n� 

x�y	ç��·¨��¬sÀ	�G 

 
,

( | )
( ; ) ( | )lb j i

i j i
i j j

p y x
I x y p p y x

q
=∑  

D 

 
1

( | )lb ( | )
n

i j i j i
j

c p y x p y x
=

= −∑  

lmn	����� ·��¬ 

 

1 1

1

1

1

1

min lb

s.t ( | ), 1, ,

1

( , , ) , 1, ,

0, , 0

m n

i i j j
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m

j i j i
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m

k m k

m

c p q q

q p p y x j n

p p

f p p E k r

p p

= =

=

+

= =

+ + =
=

> >

∑ ∑
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L L
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 	cS|�8;�©ª«	�×T��k���

|� –lbpi��Zî;�©ª«	��É�	 pi > 0

Y�^îÉ�	 qj > 0�É¨mn q1 > 0,7,qn > 0�

��	�;Ú��� –lbqj /2��X���cS

|�w�©ª«	��¬�9:/�®�\��:�

kËÌ t > 0�f(x) = txlbx – lbx= x > 0Y�©ª«

	��e��  

 2

2 3

( ) lb 1/ ,

( ) / 1/ ,

| ( ) | / 2 /

f x t x t x

f x t x x

f x t x x

′ = + −
′′ = +
′′′ = +

 

ÏkU'È 

 3/ 2 3/ 2| ( ) | / ( ) ( 2) /( 1) 2f x f x tx tx′′′ ′′ = + + �  

É¨G(9)	cS|��©ª«	�¡hk��

�|�	0]�·¨¡htuvw�]q>?��

��� G(9)�Vd9q�w��?À��  

 
1 1 1 1

min ( | )lb ( | )
m n m m

i i i j i i j i
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t c p t p p y x p p y x
= = = =

+∑ ∑∑ ∑  

    
1 1 1

lb lb ( | )
m n m

i i j i
i j i

p p p y x
= = =

− −∑ ∑ ∑  



� 4� �����	
��
������� �37� 

 

 1
1

1

lb( ( , , ))

s.t 1

r

k k m
k

m

E f p p

p p
=

− −

+ + =

∑ L

L

 

���·¨hG(8)�G	¿-.� 

� F(x)�����Æë|�[20]
�G(x)�Ý[Æ

2�Jì|�
[21]
Y�C(β) = sup{F(x)| G(x)Âβ}��

 (9)	MN�G�·¨=©ª«|�	��À�=

G(8)���­�>.���>	?�/rk��] 1 

	����·¨ð.sÀ	¿È 

 3 1/ 2 2(1)( )( ) (lb( / ))O M m m n V ε+ +  

=;<=�@>?HG	OPÀ
[1]
�V�WX

GYZ[	\��]w�Ö� 

4  �� 

¼��	û�gh PsÀI10�10SÈ 

 

0.90 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02

0 1.00 0 0 0 0 0 0 0 0

0.01 0.02 0.01 0.90 0.01 0.01 0.01 0.01 0.01 0.01

0.50 0 0.50 0 0 0 0 0 0 0

0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10

0 0.10 0.10 0 0.10 0.10 0 0.10 0.50 0

0 0 0 0 0 0.40 0.10 0.10 0 0.4

=P

0

0.10 0.20 0.30 0.40 0 0 0 0 0 0

0 0 0.20 0 0.20 0 0.20 0.20 0 0.20

0 0.10 0.50 0 0.20 0 0.10 0.10 0 0
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0.089 351 8�0.241 440 0�0.174 353 0�0.154 848 

3�0.000 000 3�0.081 175 4�0.194 623 4�0.000 000 

4�0.064 204 2�0.000 008 0 

h Arimoto-Blahut���]l�����\�

� 180ì� 

Ø6{��¬ b=(1,2,5,7,6,8,3,9,3,4)T
�Ø G(x)

¬èé6{�Ã C(β)/β	�Ýs� 1É���g�

��S� β���S� C(β)/β�h 0.618]>?	~

�6{��¬ 0.580 1�kº	 β= 1.832 5�qGó
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Ø G(x)= b'x+ x'Dx¬2�Jì|���g� 

    4.279 93    3.639 0    3.329 9    3.150 5    2.593 9    3.297 7    3.177 7    3.0131    3.220 7    4.710 7

    3.639 0    4.453 6    3.688 5    3.664 4    2.256 6    3.772 5    3.391 2    3.161 5    2.163 6    3.7

=D
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    3.329 9    3.688 5    4.843 6    2.885 2    2.960 7    3.999 4    1.950 9    2.659 9    2.767 4    4.199 0

    3.150 5    3.664 4    2.885 2    4.100 4    2.277 3    2.892 0    3.845 4    2.610 6    2.678 6    3.301 3

    2.593 9    2.256 6    2.960 7    2.277 3    3.636 2    2.276 4    2.049 4    1.385 8    2.498 4    3.085 5

    3.297 7    3.772 5    3.999 4    2.892 0    2.276 4    5.415 8    2.924 1    3.211 3    3.058 0    3.086 0

    3.177 7    3.391 2    1.950 9    3.845 4    2.049 4    2.924 1   6.029 2    3.867 9    3.231 7    3.458 2

    3.0131    3.161 5    2.659 9    2.610 6    1.385 8    3.211 3    3.867 9    4.928 0    3.420 4    3.5231

    3.220 7    2.163 6    2.767 4    2.678 6    2.498 4    3.058 0    3.231 7    3.420 4    5.185 6    3.654 3

    4.710 7    3.7311    4.199 0    3.301 3    3.085 5    3.086 0    3.458 2    3.5231    3.654 3    6.595 3
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